Elsevier Denia, FD.; Martínez-Casas, J.; Baeza, L.; Fuenmayor, FJ. (2012). Acoustic modelling of exhaust devices with nonconforming finite element meshes and transfer matrices. Applied Acoustics. 73 (8) 
only plane waves are present within the capillary ducts, and three-dimensional propagation is possible in the rest of the catalyst subcomponents. Also, in the acoustic modelling of perforated mufflers using the finite element method, the central passage can be replaced by a transfer matrix relating the pressure difference between both sides of the perforated surface with the acoustic velocity through the perforations. The approaches in the literature that accommodate transfer matrices and finite element models consider conforming meshes at connecting interfaces, therefore leading to a straightforward evaluation of the coupling integrals. With a view to gaining flexibility during the mesh generation process, it is worth developing a more general procedure. This has to be valid for the connection of acoustic subdomains by transfer matrices when the discretizations are nonconforming at the connecting interfaces. In this work, an integration algorithm similar to those considered in the mortar finite element method, is implemented for nonmatching grids in combination with 3 acoustic transfer matrices. A number of numerical test problems related to some relevant exhaust devices are then presented to assess the accuracy and convergence performance of the proposed procedure.
INTRODUCTION
The use of transfer matrices [1] is a widespread practice in the acoustic modelling of ducts and mufflers. This approach is also applied to additional devices found in the breathing system of internal combustion engines, which have an impact on the control of acoustic emissions as well: catalytic converters [2] [3] [4] , particulate filters [4, 5] and charge air coolers [6] .
Transfer matrices can be incorporated into multidimensional modelling tools based on the finite element (FE) method and the boundary element (BE) method [7] [8] [9] to predict the acoustic behaviour of these devices.
The application of FE/BE approaches to catalytic converters has been presented in a number of investigations [2, [10] [11] [12] . Two alternative modelling techniques are available for the monolith. The first model consists of assuming equivalent acoustic properties, similar to a homogeneous and isotropic bulk-reacting absorbent material [2, 13] . In this case, the numerical approach computes three-dimensional acoustic fields inside all the catalytic converter components, including the inlet/outlet ducts and the monolith [2] . The second model replaces the monolith by a plane wave connection or a "element-to-element four-pole transfer matrix" [10] [11] [12] . This approach provides a relationship between the acoustic fields associated with the discretizations located at both sides of the monolithic region. The acoustic behaviour of the capillary ducts is one-dimensional, while three-dimensional acoustic waves can still be present in the inlet/outlet ducts. Although this second approach seems more consistent with the actual acoustic phenomena inside the capillaries, the predictions of both techniques can exhibit a reasonable agreement in comparison with the experimental measurements, depending on the particular characteristics of the configuration under analysis.
Attention has also been paid to the numerical modelling of particulate filters [4, 5, 11] . The combination of a multidimensional BE simulation with transfer matrices was presented in
Ref. [11] . An acceptable agreement between predictions and measurements was found.
Concerning the acoustic modelling of mufflers with perforated pipes, numerous works are now available in the bibliography [14] [15] [16] [17] [18] [19] [20] [21] . A number of these references [17] [18] [19] [20] [21] include multidimensional analytical and/or numerical models for dissipative configurations with absorbent material. Additional considerations can be found in Refs. [20, 21] related to the presence of mean flow in the perforated central passage. In all the cases, numerical results from FE/BE calculations are presented, as a main contribution of the work or as a reference solution to validate an analytical approach. The perforated surface is usually modelled by its acoustic impedance, which relates the pressure and velocity at both sides of the perforations.
These sides are discretized into two identical overlapped meshes with coincident nodes. From a numerical point of view, the introduction of the perforated screen in a numerical technique such as the FE method can be considered as a particular situation of the general transfer matrix approach, as will be detailed later in Sec. 3.2. In this case the diagonal terms of the four-pole transfer matrix [1] are equal to unity, the off-diagonal term (2,1) is zero and the offdiagonal term (1,2) equals the acoustic impedance of the perforated surface.
Despite extensive literature devoted to FE/BE models for mufflers, catalysts and filters, a common feature is the use of conforming discretizations at the boundaries coupled through the transfer matrix. In all the cases, the meshes of the connected subdomains match on the interface. The numerical computations are simplified but the flexibility of the mesh generation process is reduced. For example, in the FE modelling of complex mufflers with perforated ducts [16] the discretization technique is time consuming and tedious, since two identical overlapped grids with duplicated nodes must be generated at the interfaces of each perforated screen. Similar comments can be applied to the discretization associated with both sides of a catalytic converter [12] . The need of conforming meshes at the boundary interfaces coupled by the transfer matrix requires the use of special meshing operations, depending on the particular geometry under analysis. These operations may include mesh reflection (if both sides are symmetric) or 2D mesh translation from one side to the other, followed by 3D mesh generation from a 2D base grid. Therefore, mesh generation can be computationally expensive compared to situations where conformity is not necessary. In addition, these cumbersome algorithms are not always valid, since the connecting interfaces at both sides of the monolith can have different geometries in same cases, thus requiring nonconforming discretizations. The latter have received attention during the last two decades, particularly in problems that concern solid and contact mechanics [22] [23] [24] . Regarding the numerical modelling of acoustic and vibroacoustic problems, some reported attempts have been found in the literature related to nonconforming meshes [25] [26] [27] , with a view to taking advantage of more flexible discretization techniques. In these works, the authors considered nonmatching discretizations in coupled mechanical-acoustic systems and also acoustic-acoustic coupling problems, without including the presence of a transfer matrix. In the vibroacoustic problem, the elements associated with the mesh within the solid are usually smaller than the elements of the fluid discretization. Different physical fields (displacements in the solid and velocity potential or acoustic pressure within the fluid) are coupled over nonconforming interfaces where the nodes do not coincide, taking into account proper continuity conditions. Therefore, the mesh creation for a subdomain does not require information from other subdomains. In the acoustic-acoustic problem, the same physical field (velocity potential or acoustic pressure)
is coupled by Lagrange multipliers over a nonconforming interface. Applications are related to flow induced noise calculations [27] , where the interface separates two regions: the aeroacoustic subdomain, with a smaller element size, associated with the fluid flow problem (and therefore the source terms), and the purely acoustic subdomain, where the homogeneous wave equation is solved. Since the FE mesh is nonconforming at the interface, the continuity of acoustic pressure is not fulfilled directly, and must be enforced in a weak sense with suitable Lagrange multipliers [23, 27] In some cases [25] , this procedure exhibits better computational behaviour than the conforming FE version, where a small transition region from fine to coarse mesh is considered.
In Refs. [25] and [27] , a direct contact exists between the different propagation media.
Therefore, continuity conditions of the relevant physical fields are used in the formulation (for example, continuity of velocity and pressure in the acoustic-acoustic coupling problem). In the current investigation, the propagation media are separated by a connecting region, and there is no direct contact between them. From a practical point of view, this situation is quite common in devices such as perforated mufflers and catalytic converters, where pressure and velocity changes can occur through the connecting region. This region is replaced by a transfer matrix and discontinuous fields, such as acoustic pressure and velocity, are permitted in the acoustic-acoustic coupling over nonmatching interfaces.
The main goal of the current investigation is to examine the numerical performance of the nonconforming version of the FE method for modelling acoustic systems with subdomains coupled by means of transfer matrices. Here, the continuity conditions of the acoustic fields at the interfaces [25] [26] [27] are replaced by four-pole relationships between the acoustic pressure and velocity at both sides of the subsystem represented through a transfer matrix. 
where ∇ 2 is the Laplacian operator, P i is the acoustic pressure within subdomain W i , and
is the associated wavenumber, defined as the ratio of the angular frequency ω to the corresponding speed of sound.
To derive the finite element equations associated with Eq. (1), the method of weighted residuals can be used in combination with the Galerkin approach [23] . For the sake of clarity, the most relevant equations are detailed next. Using Gauss' theorem, Eq. (1) leads to
with W i being a weighting function and n representing the outward normal to the boundary.
The coupling between the interfaces Γ 1c and Γ 2c associated with both sides of the connecting subdomain W c is carried out by using a transfer matrix T [10] [11] [12] . Details of the particular expressions for T considered in the current investigation will be provided in Sec. .
Using Euler's equation [1] , the velocity and the normal derivative of the pressure are related. Therefore, the following relations are satisfied
The sign changes for T 12 and T 22 in Eqs. (4) and (5) 
Combining Eqs. (5) and (6) 
Now Eq. (7) is introduced in the second term (right-hand side) of the weighted residual expressed in Eq. (2), for i = 1 (subdomain W 1 ). For a suitable discretization, within a typical element it is assumed
with i N containing the shape (or interpolation) functions of the nodes and i  P the nodal values. According to the Galerkin approach, the weighting functions are chosen to be the same as the shape functions. Incorporating Eq. (8) in Eq. (2), the weighted residual leads to the FE matrizant system of equations. After assembly, this system can be written in compact form as ( )
In Eq. (9), the following nomenclature has been introduced 
with the notation 
Eqs. (9) and (15) are written as 1  1  12  1  1  2  1   2  21  2  2  2  2 j ,
or, in compact form, as ( )
It is worth noting that the matrix C contains the acoustic information associated with the transfer matrix T.
Integration of coupling matrices over nonconforming meshes
The evaluation of the coupling integrals involved in C 12 and C 21 , whose detailed expressions are given in Eqs. (13) and (19), is relatively simple for conforming meshes, since in this case the shape functions are equal, N 1 = N 2 . For nonconforming discretizations, however, a more sophisticated algorithm is required, since these integrals involve different shape functions N 1 and N 2 , associated with nonmatching meshes, which have to be integrated over different elements.
As detailed in Refs. [25, 27] , the general procedure is based on the determination of the intersection between the elements of the different meshes. For arbitrary elements in a general three-dimensional problem, this task is expected to be quite complex [22, 25] . In this case, the interfaces Γ 1c and Γ 2c connected by the transfer matrix can be arbitrary curved dissimilar surfaces. The calculation of the intersection between elements can be carried out through the projection of the interfaces over an intermediate surface [22, 25] . In some three-dimensional cases of practical interest, however, the coupling interfaces of the connecting subdomains are simpler. For example, exhaust devices such as oval catalytic converters [3] belong to this category. Usually, the inlet and outlet sections of the catalyst are planar and parallel, thus [25, 27] . Details for curvilinear interfaces and more general three-dimensional problems can be found in the Refs. [22, 25, 27] .
The algorithm for evaluating the coupling matrices C 12 and C 21 requires suitable loops along the interfaces Γ 1c and Γ 2c connected by the transfer matrix T. 
RESULTS AND DISCUSSION

Catalytic converter
The first numerical analysis is associated with a catalytic converter. Fig. 3 shows a scheme of the geometry associated with the axisymmetric configuration considered in the FE computations.
According to Sec. 2, the central capillary region is replaced by a plane wave transfer matrix. In the absence of flow, the matrix considered for the monolith is given by [2, 12, 13] ( ) 
Here, the monolith porosity is φ, the length of the capillary ducts is denoted by 
Pr being the Prandtl number [2] . In the previous Eqs. (24), (25) and (27) , G c (s) is given by ( ) Finally, in Eq. (26), α depends on the geometry of the capillary cross-section. Eqs. (24)- (28) are valid for a monolith with identical parallel capillaries normal to the surface. Further details can be found in Ref. [13] .
The following values define the selected geometry: As can be seen in Fig. 5 , a nearly linear reduction of the error is achieved (in log-log plot) as the number of nodes is increased, for the conforming and nonconforming approaches (in this latter case for both Cases I and II). A comparison between the error curves indicates that the accuracy of the solutions associated with nonconforming meshes is slightly lower than the conforming method, at least for this particular numerical example. This is valid for all the poles and both Cases I and II. The convergence rate, however, is nearly the same in the example provided, with a slope slightly lower than unity (in absolute value). Regarding the four poles, and for the error definitions of Eqs. (33) [27] , it is expected that the accuracy and convergence rate will progressively improve as the element shape functions increase in degree. Table 1 where the element size is defined by specifying the number of divisions (number of elements) associated with each external line. This simple procedure is used to get the necessary nodal coincidence required by the conforming approach. Its application is possible due to the simplicity of the geometries under consideration. In the case of problems requiring arbitrary three-dimensional meshes, the achievement of conforming meshes is not always simple.
Perforated dissipative muffler
The second example considered in the current investigation is related to a perforated dissipative muffler. The relevant features of the geometry under analysis are depicted in Fig.   6 . This configuration is chosen to analyse a problem where the coupling interfaces are parallel to the main axial direction (from an acoustical point of view). This is in contrast with the previous catalyst problem, where the connecting boundaries were normal to the main c  are the equivalent density and speed of sound for the absorbent material [13] , respectively, f is the frequency, and R, as in the previous case of the monolith, the steady flow resistivity, given by 4896 rayl/m for a bulk density of 100 kg/m 3 (see Ref. [17] for further details). This absorbent material is confined by a concentric perforated screen whose acoustic impedance is denoted by p Z  . In the FE simulations, the perforated surface is replaced by a transfer matrix given by 11 12 21 22
The acoustic impedance is written as [1, 20] ( ) The average value of Ingard's and Fok's corrections is used [20] ( ) ( ) ( ) In all the cases the error curves are approximately linear, at least for increasing number of nodes. Initially, the conforming approach exhibits the best performance in terms of accuracy and convergence rate. This behaviour is no longer kept as the number of nodes increases. As can be seen in Fig. 8 , the nonconforming meshes associated with Case I (coarser discretization in the outer dissipative region) perform well when compared to the conforming ones. This situation has been also observed in the literature devoted to acoustic problems for a spherical pulse [25] , where nonconforming solutions can beat conforming predictions in some cases. Nevertheless, the nonconforming results related to Case II (finer discretization in the outer chamber) do not improve at the same rate as Case I. The accuracy of the Case II solution is lower than the conforming one in all the cases and the convergence rate is nearly the same. 
CONCLUSIONS
A finite element algorithm that combines transfer matrices and nonconforming meshes Although the conforming predictions present the best performance for coarse discretizations, the nonconforming technique performs very well when the number of nodes increases (Case I grids). It is shown here that the nonconforming method is capable of computations with accuracy and convergence rate comparable to the conforming approach. For very refined meshes, these nonconforming computations are even better than the conforming predictions.
The performance of the nonconforming meshes related to Case II is not as good as Case I.
Anyway, the behaviour of the nonconforming approach for both types of meshes seems suitable since relative errors lower than 0.1% can be achieved with the more refined finite element grids.
Some aspects of the nonconforming approach presented in the current paper are relevant for future investigations, which might be related to the presence of mean flow, the improvement of the accuracy and the application to additional devices of the breathing system of internal combustion engines, such as diesel particulate filters. FIGURE 8
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